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Abstract. We match the elliptic genus of a Berglund-Hiibsch model with the supertrace of 
yJ[0]gHO] ^ vertex algebra We show that it is a weak Jacobi form and the elliptic 

genus of one theory is equal to (up to a sign) the elliptic genus of its mirror. 

1. Introduction 

Classical mirror symmetry observes the interchange of h^'^ and h^'^ for a pair of Calabi-Yau 
three-folds. Among the millions of examples constructed by the physicists, there is one simple yet 
elegant construction by Berglund and Hiibsch ([BH]). 

Berglund and Hiibsch considered a non-degenerate polynomial potential W which defines a hy- 
persurface Xw in a weighted projective space. The polynomial W is assumed to have as many 
monomials as the number of variables. Transposing the exponents matrix one obtains the dual po- 
tential W"^ which defines a hypersurface Xw'^ in another weighted projective space. Berglund and 
Hiibsch described the mirror of Xw to be the quotient A^/v /H for some finite abelian group H. In 
general, Xw/G and Xw'-' /G^ are expected to form a mirror pair for a subgroup G C Aut(iy) and 
its dual group G^ C Aut(iy^) defined in the appropriate sense. It was recently proved in [CR] that 
Avi/v /G^ is indeed the mirror of Xw/G in the classical sense. 

The elliptic genera of Berglund-Hiibsch models were computed in [BHe] where it was observed 
to satisfy the expected duality. In this paper, we identify the elliptic genus of Xw/G with the 
supertrace of some operator on a vertex algebra, and then prove that the elliptic genera of mirror 
models are equal. Our approach relies on the vertex algebra approach to mirror symmetry developed 
by L. Borisov [Bl]. 

One of the best understood settings of mirror symmetry is Batyrev's construction of Calabi- 
Yau hypersurfaces in toric varieties [B] and later generalized by Batyrev and Borisov to complete 
intersections in Gorenstein toric varieties [BB] . In the toric case, the mirror symmetry is interpreted 
as polar duality. In [Bl], a vertex algebra Vf^g was constructed from the combinatorial data of dual 
polytopes A, and generic choices of coefficients f,g for the lattice points in A, A^. In particular, 
the elliptic genus of a Calabi-Yau hypersurface in a toric variety can be formulated as the supertrace 
of some operator on the vertex algebra Vf^g, which made it possible to prove that the elliptic genera 
of a Calabi-Yau hypersurface in a toric variety and its mirror coincide up to a sign ([BL]). 

Recently, a vertex algebra approach to Berglund-Hiibsch mirror symmetry was introduced in [B2] . 
Similar to the toric case, a vertex algebra Vi^i was constructed from a non-degenerate polynomial 
potential W which contains the A and B rings of the theory as subspaces. Borisov was then able 
to prove that the A ring of a Berglund-Hiibsch potential is isomorphic to the B ring of the dual 
potential with the appropriate choices of orbifoldizations. In Section 4, we identify the elliptic genus 
of X\y/G with the supertrace of certain operator on the vertex algebra Vi_i. 

The paper is organized as follows: Section 2 recalls the combinatorial data of the Berglund-Hiibsch 
construction. The vertex algebra Vi.i is defined in Section 3. The comparison of the elliptic genus 
of W/G with the double-graded superdimension of Vi^i, and the comparison of elliptic genera of a 
mirror pair are done in Section 4. 

I am deeply indebted to Lev Borisov for introducing me to the vertex algebra approach to mirror 
symmetry, and answering my endless questions. 
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2. The Berglund-Hubsch mirror symmetry construction 
We will use notations from both [B2] and [CR] . Consider a non-degenerate polynomial potential 

d d 

(2.1) w{x^,---,xd) = En^r 

with invertible exponent matrix A = (aij). The variables Xj can be assigned positive rational degrees 
qj which makes W homogeneous of degree 1, i.e. 

(2.2) Y^aijQj = 1 

j 

for all i. Non-degeneracy means that the hypersurface W = in is smooth away from the 
origin. This is a very restrictive condition; in fact Kreuzer and Skarke classified all non-degenerate 
potentials [KS] . They are sums of decoupled invertible potentials of the following types 

(2.3) Wpcrmat = 2;" 

(2.4) Wloop = x1'X2+X^'X3 + ---+xlTiXn+xl-Xi 

(2.5) Wchain = 0:2+4^X3 + --- + C-l'a;n + <". 

Decoupled means that the set of variables {xi, ■ ■ ■ , Xd} is partitioned into a disjoint union of subsets, 
and the variables in each subset contribute a polynomial of one of the above types. 
Consider the group Aut(M^) of diagonal automorphisms 

(2.6) 'y:Xj ^ -fjXj 
that preserve the potential W, that is 

(2.7) Aut(Vr) = {7=(7j):]j7;-^ =lforalH} 

j 

Since the matrix A is invertible, each 7^ is a root of unity. If we write 

(2.8) 7j = exp(27ripj) 

for some rational number pj (determined up to an integer), then the defining relation of Aut(M^) 
translates to 

d 

(2.9) ^aijpj G Z. 

This identifies the group Aut(W) with rf-tuple of rational numbers p = (pj) defined up to Z"^ such 

that Ap £ Z''. Let pi be the i-th column of A~^, then Api = where is the i-th standard vector. 
The group Aut(M^) is generated by the pi-s, and we have q = J2iPi where q = (qj) is the vector 
encoding the rational degrees of Xj . The corresponding scaling operator 

(2.10) Jw '■ Xj !->■ exp{2Triqj)xj 

is called the exponential grading operator. Other than the subgroup of Aut(W) generated by Jw, 
we are also interested in the subgroup SLw = SLd n Aut(VK) defined as follows: 

(2.11) SLw = {7eAut(W) iHt, = 1}- 

3 

This corresponds to the condition that J2jPj G Z for p = {pj) € Aut(W). 

We impose the condition that the subgroup (Jw) generated by the exponential grading operator 
lies in SLw This translates to the (generalized) Calabi-Yau condition [B2]: 

d 

(2.12) Y^qj = fceZ>o. 
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Let G be a subgroup of Aut(W^) that contains Jw and is contained in SLw, that is (Jw) C G C 
SLw- The group G acts on the hypcrsurfacc Xw = {W = 0} in a weighted projective space by 
scahng each coordinate. To describe the mirror of the quotient Xw /G, we need the dual potential 
and dual group. 

The dual potential is obtained by transposing the exponent matrix A, i.e. 

d d 

(2.13) = XI n 4'' 

It follows from the classification of [KS] that if W is non-degenerate, then is also non-degenerate. 
In fact, one observes that the dual potential of each type in (2.3)-(2.5) is a potential of the same 
type. We also consider the group Aut(W^^) of diagonal automorphisms that preserves W'^ . If 
identified with (row) vectors p in Q^/U^ such that pA G Z*^, Aut(VK^) is generated by the rows 
of A~^. Similarly, wc; define the dual exponential grading operator Jw" and the subg roup S . 
Given G such that {Jw) C G C SLw, there is a natural way of defining a dual group G^ such that 
(Jv^v) c C SLw'-' ([K]). We will describe this duality in the language of dual lattices [B2]. 

Let Mq and A^o be free abelian groups with bases {ui}, i = 1, - ■ ■ ,d and {vj},j = !,■•■ ,d. Define 
a non-degenerate integral pairing on these lattices by putting 

(2.14) Ui-Vj = Gij, 

where a,j are the exponents in the polynomial potential W. Because the pairing is integral, we have 

Mo C N^, No C 

where Nq and Mq are the dual lattices of Nq and Mq. It was shown in [B2] that Aut{W) is naturally 
isomorphic to Mq /Nq. Indeed, given (pj) e Q'', form v = Y^jPjVj, then (2.9) is equivalent to 
Ui ■ V G for all i which implies v G Mq . Moreover, integer-valued (pj) corresponds to t; G A^o- The 
image of Jw under this isomorphism can be represented by 

d 

(2.15) deg^ = X(^,^;,eMo^ 

J=l 

then 

(2.16) Mi-deg^ = 1 

for all i. Similarly, the group Aut(VF^) is naturally isomorphic to Nq /Mq, and Jv^v is represented 
by deg G Nq such that 

(2.17) deg-Vj = 1 
for all j. 

Each subgroup G C Aut(W^) determines a suplattice N D Nq such that G = N/Nq. The dual 
group C Aut(W^) is defined to be M/Mq where M is the dual lattice of N. In particular, the 
dual of (Jw) is SLw^; the dual of SLw is {Jw''')- Indeed, for the entries of (pj) G Aut(W) to 
add up to an integer (the condition of (pj) being in SLw) is equivalent to (deg • J^jPj'^j) being an 
integer. It is now clear that if G sits between {Jw) and SLw, then G^ sits between {Jw'^) and 
SLw'' ; the corresponding lattices then satisfy deg G M and deg^ G N. 

The dual potential T4^^ = defines a hypersurface X^yv in another weighted projective space. 
Berglund-Hiibsch mirror symmetry asserts that Xw / G and Xw'^ / G^ are mirror of each other for 
{Jw) C G C SLw- 
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3. The vertex algebra 

In this section, we define a vertex algebra associated to the above combinatorial data, and state 
some results about it. We mostly follow the exposition of [Bl, B2]. 

Fix dual lattices M and N such that Mq C M C iVo^, TVq C iV C M^, deg G M, and deg^ 6 N. 
First, we define a vertex super algebra FockjvfeJV which is the tensor product of the lattice vertex 
algebra associated to M ® N and a vertex superalgebra generated by 2d fermions. Let 

L = M®N. 

The non-degenerate pairing between M and N extends to a non-degenerate bilinear form on L where 
the only non-zero pairing is between an element of M and an element of N. L is thus an even lattice, 
though not positive-definite. Consider the 2-cocycle 

c:LxL^{±l) 

defined by 

(3.1) c((m,n),(mi,ni)) = (-l)™-"^ 

Let Vl be the lattice vertex algebra associated to L and this cocycle (see e.g. [HL]). We use A,B 
to distinguish modes coming from elements of A'' and M. That is, we denote 

(3.2) m-B{z) = "^m-B[k]z-^-'', n ■ A{z) = ^n ■ A[k]z-^-^ 

feez feez 

which have OPE: 

(3.3) m ■ B{z) mi ■ B{w) ~ n ■ A{z) ni ■ A{u)) ~ 0, m • B[z) n ■ A{w) 



{z — wY 

As a vector space, Vl is isomorphic to the direct sum of infinitely many polynomial algebras indexed 
by elements of M and N in infinitely many variables 

emeM,„ewC[S[-l], B[-2], • • • , A[-2], • • • ] |m, n) 

Here, each B[—k],k > 1 does not stand for one mode, but d linearly independent ones corresponding 
to a basis of M; the same is true for A[— fc]. Each |m, n) is annihilated by mi • B[k], n\ ■ A[k] for 
A: > and 

(3.4) nil ■ B[0]\m,n) — mi ■ n\m,n), ni ■ A[0]\m,n) = ni ■ m\m,n). 

We denote the vertex operators of |m,n) by e/"*'^(-^)+"'^(-^). By definition, it acts on an arbitrary 
element of Vl as follows 

^Jm-B(z)+n-A(z) JJ . . ] ■■]\mi,ni) = (-l)'"-"iexp(^(m ■ B[k] + n ■ A[k])^) 

fe<o ~^ 

exp(5^(m ■ B[k] + n ■ A[A;])^)z™-"i+"-™^ ^A[ ■ ■]'\Ib[ ■ -Wm + mi,n + m). 

k>Q 

Let Ai be the vertex supcr-algcbra generated by the fermionic fields: 

m ■ ^{z) = • ^[k]z~''~^, n ■ ^{z) = ^n - '^[k]z~'' 

feez feez 

with OPE: 

m • n 



z — w 

As a vector space, A^^ is isomorphic to the exterior algebra 
Define a vertex super-algebra 

FockMeiv = Vl^Al. 
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Consider the following two bosonic fields in FockMeJV with normal ordering implicit: 

d 

(3.5) J{z) = -Y,mi-^{z)ni-^{z)-Aeg-B{z)+deg' -A^z), 

i=l 

d d 

(3.6) L{z) = ^mi-B(2)ni-^(0)-^mi-$(2)S^ni-*(2)-a,deg-S(0), 

i=l 1=1 

where {mj}, {rii} are dual bases in M and N. Write 

j{z) = JW-^-\ Hz) = E mz-''-^- 

feez feez 
The eigenvalues of J[0] and L[0] equip Focki\/0 y with a double grading. Explicitly, given an element 

n^[---]n^[---]n*[---]n*[---]i"^'") ^ FockM®jv, 

J[0] counts the number of occurrences of ^' minus the number of occurrences of $, plus (deg^ • m — 
deg ■ n), while L[0] counts the opposite of the sum of indices in [ ], plus m ■n + deg • n. 

Denote by A the set (wj) and by the set {vj). Define the cones Km in M and in N by 

Km ■■= M nJ2'Q>oUi Kn ■.= NnYQ>oVj. 

i 3 

Since ui ■ deg^ = 1 for all i and deg^ G N, {ui) arc the primitive generators of the rays in Km, so 
are {vj) primitive generators of the rays in K^. Consider the following operators 

Difi = Res^=o 51 "^■^We-'''"'''^^^ 
I?o,i = Res,=o "•^We^"^*'^ 

neAV 

Di,i = A.o + i'o.i- 

They all commute with J[0] and -L[0]. It is direct to check that Di^o and Dq i are both differentials, 
and they anticommute, hence -Di^i is also a differential. Introduce a bi-grading on FockMew by the 
eigenvalues of 

deg^-^[0] and deg-B[0]. 

Then Di^o and -Do,i change the (dcg"^ • A[0] , deg- S[0])-grading by (1, 0) and (0, 1) respectively, hence 
(FockjvfeAf J ^1,0, ^o.i) form a double complex. 

Define the vertex super-algebra Vi,i as the cohomology of FockMeAf with respect to the total 
differential Di i. The (J[0], L[0])-grading on Fock descends to the cohomology of the operators 

-Di,o, Do,i, and Dis- 

Wc need the following results from [Bl], [B2]. 

Proposition 3.1. [B2, Theorem 5.2.3] The cohomology of FockM®N with respect to Di^i is equal 
to the cohomology of FocUmqKn ''"^th respect to r>i,i. 

Proposition 3.2. [B2, Theorem, 6.2.1] For fixed eigenvalues o/ J[0] and i/[0], the corresponding 
eigenspace in V\^i is finite- dimensional. 

Theorem 6.2.1 of [B2] is in fact much stronger. Wc arc interested in computing the supcrtracc of 
the operator y^Mg^I"] on Vi^i. Supertrace means that we subtract the dimension of the odd part 
from the dimension of the even part of the corresponding eigenspaces. By the previous proposition, 
this gives a well-defined double scries in y and q. To compute this invariant, we first describe the 
cohomology of FockMe^jv with respect to £)o,i- 
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Proposition 3.3. [Bl, Proposition 9.3] Denote by (vj) the dual basis of {vj) in Nq . For each i, 
define 

a,{z) {v, ■ A{z))e~f''^-^'^''^ : + : (w,^ • • ^{z))e- ^ -^^-'^ : 

These fields generate a vertex subalgebra VAkn-N''^ inside Fockf^v^Q. Consider all elements from 
VAkh,n'^ whose yl[0] eigenvalues lie in M . Denote the resulting algebra by VAkn-U- 

Let Box{Kn) be the set of all elements n G Kn such that n — Vj ^ Kn for all j. Equivalently, 
Box{Kn) = {'^jPjVj G Kn ■ < pj < 1}. For every n G Box{Kn), consider the following 
set of elements of FockMem- For every v — Y[ A[- ■ ■]Y[ B[- • • ] 11 *^[' ' ' ] 11 ^i' ' ' 11"^' ^) ^^^^ ^''■^^ *^ 
VAkn,m C FockMBO, consider v' — Y[ A[- ■ ■]Y[ B[- • • ] 11 *^[' ' ' ] 11 ' ' ] l*^; which is obtained by 
applying the same modes of A,B,^, and 5* to |m,n) instead of |m, 0). We denote this space by 

Then the cohomology of FockumK^f with respect to Z?o,i is equal to 

(3.7) FockM®KM I Dq,i = ®„6Box(K„)V^^"' 



Basically, the differential -Do.i preserves Yoc^Mmin+Y.-'^'ivj) foi' each n e Box{Kn). The co- 
homology Fockjv/©(n+X] N«j) with respect to Dq i for various n all look like the cohomology of 
FockMex; N-Uj '^ith respect to Dq i. 

4. Elliptic genera of BH-models 

We aim to derive a formula for the supertrace of y^M^^r^M on the cohomology of FockM©i^jv with 
respect to Do,i- By p.7p . it is sufficient to compute the supertrace of y'Mg^M on each summand 
^•^ifir M- ^'^^ n — 0, VAkk,m consists of those from VAkn,n^ whose ^[0]-eigenvalue lies in M. 
The vertex superalgebra VAkn,n^ is generated by the 2d bosonic fields ai{z), and 2d fermionic 

fields (j>'^{z), and tpi{z) with the following OPE 



z — w z — w 

(all other OPEs vanish). These fields (by the state- field correspondence) admit the following 
( J[0], L[0])-eigenvalues: 

j[o] m 

a^{z) -deg^ • 1 
b\z) deg" ■ < 
^\z) deg'-v^-l 1 
M^) -deg"" • w,^ 1 
Note that deg^ = (see (2.15)), hence deg^ • = qi. The previous table becomes 





J[0] 


m 


ai{z) 




1 


b\z) 


Qt 





^\z) 


qi - I 


1 


(^) 








Now, the supertrace of y-^I^'lg^M on V^/^^ jv^^ can be computed as follows: 

(4 1) sTv. - TT n.-^o(i-^-^'"V)n.,x(i^.^'-V) 
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The infinite products on the numerator come from the modes of (t>^{z) and ipiiz); the products on 
the denominator come from the modes of ai{z) and b^{z). This expression involves rational powers 
of y and q. To extract the supertrace of y^Mg^tol on the subalgebra VAkn,m C VAkk,n'-^ from 

(4.1) , we need to insert certain roots of 1 to eliminate the terms contributed by those in VAk^.n^ 
whose A [0] -eigenvalue lies outside M. 

Recall the finite abelian group G ~ N/No. As a set, G is isomorphic to Box{Kn). For any 
ni G iV, we define 

(4.2) e.ini) = vj-ni. 

Consider the group algebra C[A^(^] = C[xf^, ■ ■ ■ ,x^^]. The variables (xj) correspond to the basis 
(vj) of . The group G acts on C[A^,^] as follows: for any ni e N/N^, m £ , we have 

ni.[m\ ~ exp(27ri(rii • m)) [m]. 

Then the G-invariant of C[N^] is C[M], i.e. C[iVo^]'^ = C[M]. There is an "averaging over 
G" operation from C[A'^] to C[M] that we can use to obtain the supertrace of y^I^lq^I"! on 
VAkn-M, that is to insert j^'^meG^-^Pi'^'^'''^ ■ ni) in front of the term contributed by element 
UA[- ■ - mBi- ■ ■]U'^[- ■ ■ ■]\m,0) e VAk^^m- ■ Hence, we have 

(4.3) STv^.„,,,/[^^[°l 

A nfe>o(l - y-9^ + lg'=e-2"«'("i)) nfe>l(l - -Ig'^e^"^^' ("^^ ) 



nieGj=l 

In general for n G Box(A'7v), the supertrace of y^Mg^M on V^^'^ is given by 
(4.4)ST^_,(„, 

^ N ' -^^ 

-1 ^dcg.„ j_ V rr nfc>o(i - y-^^'+ig^-^^We-^^^^t"^)) nfc>i(i - ^'^.-igfc+^.We^-^^t"^)) 

^> \G\ ^ J]^^j,(l-y'7jgfc+e,(«)g27rie,(«i))J-|^^^(j^_y-qj^fc-e,(n)g-27rie^(ni)) 

^i^G j — 1 ' — ' — 

The above is understood as a Laurent series in y, q with rational powers and non-negative powers 
of q. Indeed, each 9j{n) lies in [0,1). The powers of q that appear on the denominator are all 
non-negative, hence when the reciprocal of the denominator terms are expressed as a power series, 
only non-negative powers of q appear. On the numerator, the only term that could have a negative 
power of q is when fc = in the first infinite product. However, we have an extra term q'^°s-n f;]-^e 
front, and the fact that deg • n — J2j takes care of it. This double series converges absolutely 

when \q\ < \yiiq^i(^^\ < 1 for all j. In fact, we can write it in terms of the theta function. Let 

oo 

(4.5) e(i^,r) = iqie-''"'{l-e'^'"')Y[{l~q"){l~q"e'^'"'){l~q"e''^'"') 

71 = 1 

where q = e*^'^'^ be Jacobi's theta function. It is a holomorphic function for e C, r e _ff where 
H is the upper-half plane. If we fix r G if, then 0(z^, r), as a function of v, has single zeroes at 
all the lattice points in Zr + Z. Multiplying both the numerator and the denominator of (14.41) by 
nj^Li(l - 9"), we obtain 

(4.6) ST^_^<„, 



deg.n^ TT .,-9.M e"»i-''^)-^^(")-'^^("^)>9((l - q,)z - e,{n)T - e,{n,),r) 
\G\ e^'^t9^'^+«^(")^+«^("i)>e((7jZ-|-0j(n)T + 6'j(ni),T) 



ij_ ^ g»7r2(rf-2E,'?j)g-»27rri:,('i(»)g-»27rE,e,(rii) "Q g-i27rz0, (n) ^ 
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where y = e^^^^^ q = e'^'^^. Note that g^'^s-" cancels with g^'^Trr e.W^ Moreover, EJ 6'J(?^l) = 
deg • ni e Z because deg S M, ni e iV, and M and N are dual lattices, hence e~^'^^^i — 
We have 

(4.7) ST^_,<„) 

K ,M 

I^L^gM e(9,z + e,(n)r + 0,(ni),r) ' 

Note that 

(4.8) q, = v) -Aeg" ^e.iAeg") 
for deg^ G N . The number 

(4.9) a = d - 2 ^ d - 2 deg • deg^ 
is the central charge of the N = 2 structure on ([B2]). 

Theorem 4.1. The elliptic genus of the Berglund-Hiibsch model W/G defined in [BHe] is equal to 
y^^'^SuperTracey-^ ^y-'Mqilo] . 

Proof. Consider the double complex (FockMeXN : ^i,o, ^o,i) '^ith bi-grading (deg^ • A[0], deg-i?[0]). 
It lies in the upper half plane because deg • _B[0] has no n- negative eigenvalues on Kjq. The vertex 
algebra Vi,i is the cohomology of the total complex. Consider the filtration of the total complex 
such that the terms of the associated spectral sequence is the cohomology of FockMeifjv with 
respect to the (vertical) differential -Do.i- The filtration is bounded below and exhaustive, so the 
spectral sequence converges to the cohomology of the total complex. The cohomology of Yoc\m(bKn 
with respect to I?o,i is described in Proposition 13.31 The deg • i3[0]-grading on ¥ocVm®Kn I Do,i is 
bounded by d. Indeed, each summand V^^|^ j^j in p. 71) has the deg ■ i?[0]-grading equal to deg ■ n 
which is < d because n lies in the Box(i^Ar). Hence, the spectral sequence degenerates after finitely 
many steps. Since the differentials of the spectral sequence change parity and commute with J[0] 
and i[0], they have no effect on the supertrace. We have 

SuperTracev,,,/™?^™ = SuperTraceF,,k..eK„/Co,.y''™'?''^°l. 

Finally, we sum up (|4.7|) over n S Box(iirAr) ^ G. When multiplied with y^^'^, it matches with the 
formulae (2.6), (2.7), and (2.14) of [BHe]. □ 

We denote the elliptic genus of W/ G by 

(4.10) ElliW/G,z,r) = ^ V TT e--^-^") ^^^^ ' - - e,in,) r) 

Our next goal is to show that this is a weak Jacobi form. First, we establish the holomorphicity. 

Theorem 4.2. Ell{W/G, z, r) is a holomorphic function of two variables for all z G C, t G H . 

Proof. We will show explicitly with appeal to the classification of non-degenerate potentials that 
the zeroes of the theta functions on the denominator of (|4.7p cancel with (some of) the zeroes of the 
theta functions on the numerator. Then it follows that the double series (|4.4p converge absolutely 
to holomorphic functions for all y G C*, [gj < 1. 

Any non-degenerate potential is a sum of decoupled potentials of three types: Fermat, loop, 
and chain ([KS]). It is sufficient to prove the holomorphicity for W of each type, li W = a;", 
a > 2 is of the Fermat type, then q — 1/a and 6{n) G (l/a)Z for all n G G = Za. The zeroes of 
Q{qz + 6{n)T + 9{ni), r) correspond to those z, t such that 

qz + e{n)T + e{ni) G Zr + Z. 
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When this is true, muhiplying with a — 1, we get 

(1 - q)z + (a - l)e{n)T + (a - l)6'(ni) £ Z(a - l)r + Z(a - 1). 

Since ad{n), ad{ni) G Z, it foUows that (1 — q)z — 9{n)T — 9{ni) G Zt + Z, hence they are also zeroes 
of the numerator. 

If = x\^X2 + X2^X'i, + • ■ • + x^*ij^^a;fe + x'^''xi is of the loop type, then we have 
aiQi + Qt+i = 1 for 1 < i < fc - 1, 
akQk + 91 = 1 

ai9i{n) + 9i+i{n) G Z for 1 < i < k - l,n e Box{Kn) 

<ikOk{n) + 9i{n) G Z for n G Box(iirAf). 

The same arguments apply as in the Fermat case: the zeroes of &{qjZ + 9j{n)T + 9j{ni), r) cancel 
with the zeroes of 9((1 — qj+i)z — 9j+i{n)T — 9j+i{ni),T) for 1 < j < fc — 1, and the zeroes of 
Q{qkZ + 9k{n)T + 9k{ni), r) cancel with the zeroes of 9((1 — qi)z — 9x{n)T — 9i{ni), r). 
If = x\^X2 + X2^X3 + • • • + xj^'r/xfc + x'l'' is of thc chain type, then 

o-iQi + <li+i = 1 for 1 < i < fc — 1, 
a-kqk = 1 

ai9i{n) + 9i+i{n) G Z for 1 < i < fc - l,n G Box{Kn) 

ak9k{n) G Z for n G Box{Kn)- 

The previous argument fails to cancel the zeroes of Q{qkZ + 9k{n)T + 9k{ni),T). Instead, we will 
"distribute" its zeroes to each term of the numerator. Here is the mechanism of how this works, 
isolated. Suppose we have a ratio of theta functions 

1 e(-!^z + aiT + Pi,t) 

e(;^z + a3r + /33,T) e{^z + a2T + (32,T) 

where m, k, I are integers, a^, /3i are rational numbers, (m, fc) = 1, and ma2 G Z, to/32 G ^- Moreover, 
ka2 = cti (mod Z), fc/32 = Pi (mod Z), /aa = ai (mod Z), //Sa = /3i (mod Z). The zeroes of the first 
theta function on the denominator lie on the lines 

k 

—z + a3T + P3=pT + q, p,qeZ 
ml 

which is equivalent to 

k 

(4.12) —z + la3T + ll33=plT + ql, p,qeZ. 

TO 

By assumption, this family of lines belong to the set of lines containing the zeroes of the numerator. 
Similarly, the second theta function on the denominator has zeroes on the lines 

k 

(4.13) —z + ka2T + kl32^p'kT + q'k, p',q'eZ. 

m 

These lines again coincide with some of the lines containing the zeroes of thc numerator. If the two 
families of lines (|4.12l) and (|4.13p have no intersection, then the zeroes of the denominator are all 
cancelled by the zeroes from the numerator, the ratio is therefore holomorphic. Otherwise, we have 
gcd(A:, /)|(fcQ!2 — lois), gcd(A:, /)| (fc/32 — If^s)- The lines in (|4.13p that are not "eliminated" by the lines 
from the numerator are those with {p',q') such that 

(4.14) l\{p'k- ka2 + la3), l\{q'k ~ k^ + Ih)- 
Fix such a pair (p', q'), then every other such pair {p" , q") satisfy that 

gcd(fc,0 
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Hence, we have the foUowing hnes remaining 
or 

gcd(fc,0 gcd(M) ,^ , gcd(M).fl ,^ , , 

-Z-\ ; (a2-pjT-\ ; [P2 - Q ) = ST + t, S, i G Z. 



ml 



Set 



new _ gcd(fc,0 qnow _ gcd(fc, Q , 



gcd(fc,/) 

then it is clear that m^^a^™, m"°*/3i"=^ G Z. The ratio has the same poles as 

(4-15) ^ -. 

Finally, consider Q{{1 — :^)z ~ a^r ~ /?3, r). We have 

J / k , new 

(4.16) 1 - A = "'"^''^ j^""^'''^ - =■■ , (fc"™, m""") = 1. 



Moreover, 



(4.17) A:"™a5™ = m(a2 - p') - ^^"'^ = -a^i mod Z) 
because ma2 G Z by assumption and ()4.14p . Similarly, we have 

(4.18) = m(/32 - q') - = mod Z) 

All of (|4.15p - (|4.18p will be the beginning of another round of the same arguments. 

Now, let us see how this applies to prove the holomorphicity of Ell{W/G, z, r) for W of the chain 
type. We need to examine 

e((l - qk-i)z - 9k-i{n)T - 6'fe_i(ni),T) e((l - qk)z - 0k{n)T - Ok{ni),T) 



Q{qk-iz + 9k-i{n)T + 9k-i{ni),T) Q{qkz + 9k{n)T + 9k{ni),T) 

Recall that qk — and ak9k{n),ak9k{ni) £ Z. It is clear that the ratio of the last theta function 
on the numerator and the last two theta functions on the denominator satisfy the assumptions of 
the above discussion. We apply the above arguments finitely many times from right to left, in the 
end, we are able to cancel all zeroes of the denominator. □ 

Theorem 4.3. Ell{W/G, z, r) is a weak Jacobi form of weight and index |. 

Weak here means that it obeys the transformation laws of the Jacobi forms, however at the cusp 
we require that only non- negative powers of q appear ([EZ]). Also, when c is odd, the definition of 
the Jacobi form is modified to allow a character. 

Proof. The condition at the cusp holds because (14. 4p has no negative powers of q. It is now enough 
to verify the following modular properties of Ell{W/G, z, r): 

(4.19) Ell{W/G,z,T +1) = EII{W/G,z,t) 

(4.20) EII{W/G,z + 1,t) ^ {-lfEll{W/G,z,T) 

(4.21) EU{W/G,z + t,t) = {^lYe-'''^^''+^''>Ell{W/G,z,T) 

(4.22) Ell{W/G,-,--) = e'^Ell{W/G,z,T) 

T T 
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We need the foUowing identities of the theta function: 

(4.23) Q{iy,T + l) = e(i^,r) 

(4.24) e(i/ + l,T) = -e(i/,T) 

(4.25) e(t/ + T,T) = -e-*27r^-"^e(i^,T) 

(4.26) e(-,-i) - -i.f^e'^Qiu.T). 

T T y I 

(|4.19p follows from (|4.23p and the change of variable nni ^ ni in (|4.10p . (|4.20p follows from (|4.24p . 
^-i2TTj2j Sj{n} _ ^ (because J^j — "^^S • n £ Z), and the change of variable deg^ ni — > rii (note 

that Qj — 9j{deg^) and dcg^ £ G). Also, X]j 9i ^ hence c — d (mod 2). (|4.2ip follows from 
(|4.25p . J2j ^i('^i) G the change of variable deg^ n ^ n. (|4.22|) follows from ()4.26p and change 

of variables n — 5- n^^ , ni — > n. □ 

Remark 4.4. It was shown in [BHc] that the elliptic genus Ell{W/G) satisfy modular trans- 
formation properties with respect to {z,t) — > {z,t + 1), {z,t) {f,—^) (same as here), and 
(z,t) {z + L,t), {z,t) {z + Lt,t), where L is the smallest integer such that 5^ = id for all 
g E G. Here, the modularity appears to be stronger. The reason is that we made the assumption 
{Jw) C G, i.e. deg^ £ N, so that we can combine qj = 6'j(deg^) with 9j{n) and do a change of 
variable. We also assumed that G C SLw, or equivalently deg £ M, then J^j^ji''^) ^ ^ ^'^^ 
n € G. This enables us to reduce terms Y[j e'^'^^^^"^ to 1. 

Now, we can prove that the elliptic genera of mirror Berglund-Hiibsch models coincide up to a 
sign. 

Theorem 4.5. EII{W/G,z,t) ^ {-l fEll{W'^/G'',z,T). 

Proof. The Fock space FockM©Ar and the differential i^i.i are both symmetric with respect to the 
switching of M and N. The discrepancy of the cocycle (|3.ip and its counterpart with the role of M 
and TV switched can be resolved by multiplying \m,n) by (—1)™ ". However, to obtain the elliptic 
genus of the dual theory /G^ from the double-graded superdimension of Vi^i, we need to consider 
a different bi-grading than the (J[0];-L[0]) in (13. 5p and (13. 6p . Instead, consider 

(4.27) r{z)^~J{z), L*{z)^L{z)-d,J{z), 
or 

(4.28) J*[0] = -J[0], L*[0] ^ L[0] + J[0]. 
Then by Theorem 14. 3[ wc have 

Ell{W'^/G'^,y,q) = ?/-^SuperTracey^^y^*[°lg^*M 

= ?/-^SuperTracey^^(?/~^g)"'[°lg^[°l 
= y-'qiEll{W/G,y-'q,q). 
It remains to use the following transformation property of Ell: 

EII{W/G,-z + t,t) = i-lfe-'-^^^-'-^'^Ell{W/G,z,T). 

□ 
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